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Abstract 
In order to perform imaging and spectroscopy of nano-sized emitters at a temperature of a few kelvins, we have 
developed a single-component reflecting objective (M. Fujiwara, et al. 2009 [1]). In this work, we report a method 
to find the optimum numerical aperture (NA) which balances the spherical aberration on one hand and the solid 
angle to collect emitted photons on the other. For the objective of a focal length of 2 mm, the optimum NA was 
found to be 0.50 at a wavelength of 250 nm, 0.55 at 400 nm, and 0.60 at 800 nm. 
© 2010 Published by Elsevier B.V. 
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1. Introduction 
Fluorescence of single nano-sized emitters at a few kelvins carries structural information that is free of ensemble 
averaging and thermal fluctuation [2]. In 1998 optical spectroscopy of single proteins was performed for the first 
time using their near-infrared fluorescence [3, 4]. However, the same experiment could not be performed on visible 
fluorescence of proteins because chromatic aberration gets severer as a wavelength gets shorter, and there was no 
chromatically corrected objective that works at a few kelvins. To overcome the difficulties, we have developed a 
single-component reflecting objective [1, 5]. The objective works in super-fluid helium and shows diffraction-
limited imaging performance without chromatic aberration in a wavelength region from 360 to 980 nm [1]. This 
objective enabled us to measure the first low-temperature visible fluorescence spectrum of a single protein [6].  
For the imaging and spectroscopy of single proteins, the objective is required to make the brightest image with 
least aberrations. Among monochromatic aberrations that remain in a reflecting objective, in practice, only spherical 
aberration can affect an image of fluorescence from a single protein molecule. In terms of NA, spherical aberration 
is suppressed by making NA lower, whereas brightness increases by making NA higher. In this work, we present a 
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method to find an optimum NA under contradictory requirements of minimizing spherical aberration and 
maximizing solid angle of collecting signals.  
2. Optical Design of the Single-Component Reflecting Objective 
The single-component reflecting objective [1, 5] is based on the 
Schwarzschild-type reflecting objective [7]. Figure 1 shows the 
design of the objective having a focal length of f. The objective 
consists of one convex (radius R1) and one concave (radius R2) 
mirrors made on a single piece of fused silica, both centered at OM 
and working towards inside of the silica. The piece has two optical 
interfaces in extra that are designed normal to the optical rays. The 
rays emanating from the focus (Of) crosses normally the spherical 
interface with R3 to enter the silica, reflects twice inside, and crosses 
normally the other interface S to leave. The single-component 
construction ensures the solid optical alignment of the mirrors in 
super-fluid helium and the reflecting optical design eliminates 
chromatic aberration. In addition, the lowest order of the spherical 
aberration is nullified when the design satisfies a constraint of 
1+5:15:1=:: 21 RRf  [7]. Since the convex mirror obstructs 
the central part of the rays, the effective shape of the parallel 
incident rays at S is annular with outer and inner diameters of Io and 
Ii. When f and NA are given, Io and Ii will be uniquely determined 
by the constraint of the ratio among f, R1, and R2. 
 
 
3. Relation between NA and Quality of an Image  
When the focal length f of the reflecting objective is fixed, only 
NA is a free parameter. Therefore, quality of an image is controlled 
solely by NA. Let us relate NA to spherical aberration of an image 
of a point source at infinity. The shape of an image can be 
represented by the ratio of the photons that fall in an area within a 
certain distance from the image center, to the total photons. The 
ratio was calculated as encircled energy (EE) by an optical-design 
software, ZEMAX [8]. The solid curves in Fig. 2 plots EE as a 
function of a distance from the center on the focal plane (r) for the 
objective of f = 2 mm and the wavelength of light (O) of 400 nm. 
The three panels of Fig. 2(a), (b), and (c) show the results for three 
different NA values of 0.50, 0.55, and 0.60, respectively. The cross 
section of the intensity distribution of the image of a point source is 
shown in each panel by the gray. The value of EE at a distance r is 
an integral of the normalized distribution of intensity from zero to r. 
The position of the first dark ring indicated by the vertical line 
corresponds to the first stationary point of the EE curve. The dotted 
curve in each panel shows the EE curve of the ideal objective that is 
free from spherical aberration. An image is considered to be less 
deteriorated by spherical aberration when the EE curve lies higher 
and the deviation from the ideal curve is smaller. As seen in 
comparison of the three panels, the deterioration is smaller when 
NA is lower. 
Fig. 2. Encircled Energy (EE) of the diffraction 
pattern of a point source at infinity imaged by the 
reflecting objective of f = 2 mm with O= 400 nm. 
EE calculated for NA of 0.50, 0.55, 0.60 are 
plotted in panel (a), (b), and (c), respectively, by 
a solid curve as a function of a distance from the 
center on the image plane (r). In each panel, the 
cross section of the diffraction pattern is shown 
by a curve filled in gray. The dotted curve 
represents EE calculated for the ideal objective 
having the same NA and annular aperture, but 
free from aberrations.  
Fig. 1. Single-component reflecting objective. 
The symbol f stands for focal length; R1, R2, 
radius of curvature of the convex and the 
concave mirrors; R3, radius of curvature of the 
spherical interface; S, flat interface; Io, Ii, the 
outer and inner diameters of parallel incident 
rays; Of, OM, focal point and center of the 
spherical mirrors. For the objective of f = 2 mm 
and NA = 0.6, R1 = 2.472 mm, R2 = 6.472 mm, 
R3 = 4.329 mm, Io = 2.4 mm, and II = 1.1 mm. 
M. Fujiwara et al. / Physics Procedia 13 (2011) 38–41 39
 M.Fujiwara et al. / Physics Procedia 00 (2011) 000±000  
Another property determining image quality is brightness of the image. The brightness is important especially 
when a signal is weak since signal-to-noise ratio is determined by the signal strength through the unavoidable shot-
noise. The brightness of an image is directly related to the solid angle of collection of emitted photons. In the case of 
the reflecting objective having an annular aperture, the solid angle of collection increase monotonically with NA. 
Thus, in order to design an objective of the best performance, NA has to be optimized under contradictory 
requirements of least spherical aberration and highest brightness of an image.  
4. Optimization of NA  
The best performance of the reflecting objective for imaging and 
spectroscopy of single proteins is achieved by optimizing NA to 
balance spherical aberration and brightness of an image. Figure 3(a) 
shows the reflecting objective for four different NA values from 0.2 
to 0.8. Both of Io and Ii increase with NA, but the obstruction ratio, 
Ii / Io, changes only 0.45 to 0.48, staying almost constant in this 
range of NA. To quantify how spherical aberration deteriorates the 
image, we take EE at the first dark ring (EE1). Figure 3(b) shows 
EE1 as a function of NA calculated for O = 250, 400, and 800 nm. 
The dotted curve in the figure is the calculation for the ideal case of 
no aberration. The aberration-free ideal diffraction pattern of an 
annular aperture having a fixed obstruction ratio behaves in the 
same way as the ideal circular aperture with respect to NA, that is, 
the pattern is fixed in shape and only the size changes with NA. 
Therefore, if the obstruction ratio stays constant, EE1 of the 
aberration-free ideal system is independent of NA. Real systems, in 
contrast, are influenced by spherical aberration. The influence gets 
severer as NA gets higher, so that EE1 gets smaller at higher NA. 
This means that the image pattern loses sharpness, because decrease 
of EE1 means that intensity in the central disk escapes more to outer 
diffraction rings. Since aberration is more effective at shorter 
wavelength of light, the curve of EE1 for a shorter wavelength lies 
lower than the curve for a longer wavelength. In other words, the 
deterioration of image sharpness starts at lower NA for a shorter 
wavelength of light.  
The brightness of the objective is represented by the solid angle 
of collecting emission (:0). In order to find NA balancing spherical 
aberration and brightness of an image, let us consider the product of 
EE1 and :0. Figure 3(c) plots the product normalized by the whole 
solid angle of 4S The normalized product, EE1 × :0 / 4S, represents 
the collection efficiency of the emitted photons in a confocal 
configuration with a detection pinhole of a size corresponding to the first dark ring. Therefore, NA that maximizes 
the product can be considered to be regarded as the optimum NA. The three solid curves in Fig. 3(c) represent the 
normalized product for the f = 2 mm objective calculated at O = 250, 400, and 800 nm. The result for the ideal case 
is also plotted by the dotted curve. Since EE1 of the ideal system has little dependence on NA, the product of the 
ideal case monotonically increases with NA in proportion with :0. For the real systems, in contrast, EE1 decreases to 
zero with NA, so that the product has a maximum at a certain NA, which is the optimum. The relation of the 
optimum NA to the wavelength of light can be found in the EE1 curve that starts to drop at lower NA for a shorter 
wavelength. Thus, the shorter the wavelength, the smaller the optimum NA.  
5. Summary 
In the design of an objective for imaging and spectroscopy of single nano-sized emitters, the best NA can be 
determined as NA yielding the highest collection efficiency in a confocal detection with a pinhole corresponding to 
Fig. 3. (a) The single-component reflecting 
objective of NA = 0.2, 0.4, 0.6, and 0.8. (b) EE at 
the first dark ring (EE1) of the f = 2 mm objective. 
Results calculated for O= 250 nm, 400 nm, and 
800 nm are plotted by solid curves as a function 
of NA. The result for the aberration-free ideal 
objective is plotted by a dotted curve. (c) 
Product of EE1 with the solid angle of collection 
(:0) divided by 4S. The product is plotted by 
solid curves as a function of NA for O= 250 nm, 
400 nm, and 800 nm. The result for the ideal is 
plotted by a dotted curve.  
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the central disk of the diffraction pattern of the image. In the case of the single-component reflecting objective for 
low-temperature operation having f = 2 mm, the best NA is determined to 0.50 at O= 250 nm, 0.55 at 400 nm, and 
0.60 at 800 nm. In this work the major problem in designing the reflecting objective, which is determination of NA, 
was discussed. A major difficulty in manufacturing processes of the objective, which is control of the decentration, 
is presented in the appendix.  
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Appendix. Decentration of the Reflecting Objective 
 
The most difficult parameter to control in manufacturing 
processes of the objective was decentration ('between the two 
spherical mirrors (see Fig. A1(a)). Here we show the influence of 
decentration on image quality by taking a dark-field image of a 
polystyrene bead (Polysciences) with a diameter of 100 nm. A 
diluted suspension of polymer beads was spin coated on a fused 
silica plate. The laser beam at O = 400 nm was focused from the 
backside of the sample. The light scattered at the bead was 
collected by the reflecting objective, whereas non-scattered light 
was blocked by the backside of the convex mirror of the objective. 
The signal was imaged by a concave mirror of f = 500 mm onto a 
camera. The images were taken at room temperature. Figure A1(b) 
shows the dark-field image of a bead taken by a reflecting 
objective of f = 4 mm, NA = 0.6, and' = 130´, which is one of 
the prototypes produced in the development stage. The image in 
Fig. A1(c) was taken with an objective of the same design but 
having ' = 30´, which is the only noticeable difference in 
measurements from the previous objective of ' = 130´. When 
decentration is 130´ the pattern deviates from circular symmetry 
to show mirror symmetry about a vertical line through the center 
of the image. The all beads in the field of view show the same 
non-circular pattern. When decentration is 30´ deviation from 
circular symmetry is negligible. Based on experience decentration 
must be smaller than 30´.  
 
Fig. A1. (a) Definition of decentration ' between 
the two spherical mirrors of the reflecting 
objective. (b) and (c) Dark-field image taken by 
an objective with '  ´DQG ´, respectively, 
of a polymer bead with a diameter of 100 nm. 
For both objectives, f = 4 mm and NA = 0.6.  
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